Pulsar Timing Arrays (PTAs) use high accuracy timing of a collection of low timing noise pulsars to search for gravitational waves in the microhertz to nanohertz frequency band. The sensitivity of such a PTA depends on (a) the direction of the gravitational wave source, (b) the timing accuracy of the pulsars in the array and (c) how the available observing time is allocated among those pulsars. Here, we present a simple way to calculate the sensitivity of the PTA as a function of direction of a single GW source, based only on the location and root-mean-square residual of the pulsars in the array. We use this calculation to suggest future strategies for the current North American Nanohertz Observatory for Gravitational Waves (NANOGrav) PTA in its goal of detecting single GW sources. We also investigate the affects of an additional pulsar on the array sensitivity, with the goal of suggesting where PTA pulsar searches might be best directed. We demonstrate that, in the case of single GW sources, if we are interested in maximizing the volume of space to which PTAs are sensitive, there exists a slight advantage to finding a new pulsar near where the array is already most sensitive. Further, the study suggests that more observing time should be dedicated to the already low noise pulsars in order to have the greatest positive effect on the PTA sensitivity. We have made a web-based sensitivity mapping tool available at http://gwastro.psu.edu/ptasm.
Introduction
Pulsar Timing Arrays (PTAs) (Foster & Backer 1990 ) are a practical means of observing gravitational waves (GWs) associated with supermassive (> 10 8 M ⊙ ) black holes, or more generally GWs in the nanohertz to microhertz regime arising from any source (Jaffe & Backer 2003; Jenet et al. 2006a; Sesana & Vecchio 2010a; Olmez, Mandic, & Siemens 2010) . A PTA is a collection of low timing noise pulsars timed to high accuracy. In such a timing array, GWs may signal their presence through correlated disturbances in measured pulse arrival times. Over the last decade, assessments of expected GW source strengths have remained steady (Sesana & Vecchio 2010a) while the number of pulsars that can be timed to high precision has increased, and instrumentation, observing technique, and timing precision of known pulsars have all improved . Detection of GWs via pulsar timing is now within striking distance. Properly made strategic choices for observing and/or improving the timing precision of current array pulsars, and searching for new pulsars, can hasten the arrival of the day when the first detection is made and the field of GW astronomy is properly inaugurated.
Strategic optimization depends upon your strategy. Do you want to detect single sources, or a stochastic background? Do you want to maximize the number of sources detected, or maximize the signal-to-noise ratio (SNR) of the sources that you do detect? Here we investigate the sensitivity of a PTA to a single source of GWs and investigate optimization strategies that maximize the number of sources detected. We describe the results of a preliminary investigation into strategies for deploying limited observing time among current array pulsars, and for searching for new pulsars to augment the current array. Our results apply to the search for single sources of GWs Yardley et al. 2010) , not to stochastic background searches (Jenet et al. 2006b; Anholm et al. 2008; van Haasteren et al. 2009 ).
After an introduction of the PTA single-source sensitivity calculation and NANOGrav characteristics in §2, we discuss in §3 the consequences of adding pulsars to the array. Further, discussed in §4, is the preliminary study of pulsar timing allocation time. Finally, in §5, we discuss the implications that rise from this study and suggest future research.
Calculating PTA Sensitivity
Anticipated GW sources in the nHz-µHz band include nearby supermassive black hole binary and triplet systems (Jaffe & Backer 2003; Sesana & Vecchio 2010a; Amaro-Seoane et al. 2010 ). More speculative sources include a primordial stochastic background and bursts from cosmic string cusps and kinks (Damour & Vilenkin 2001 , 2005 Siemens et al. 2006; Siemens, Mandic, & Creighton 2007; Olmez, Mandic, & Siemens 2010) . All these sources are expected to be isotropically distributed on the sky. Correspondingly we choose to estimate the sensitivity of PTAs as the spatial volume within which a fiducial source would give an SNR greater than a fixed threshold. Such a measure can be made independent of the threshold (but not the fiducial source) by referring the calculated volume to a reference volume calculated for a reference array. In this way we define the relative overall sensitivity ν overall of a PTA as:
where d is the distance out to which the PTA is sensitive to a source propagating in directionk i relative to the reference PTA denoted with a subscript R. The limit n is the number of directions along which sensitivity is being measured and can be chosen by the user according to the desired resolution of the resulting sensitivity map. In the maps we constructed in this paper we used HEALPix 4 to construct pixels representing equal surface area, and n = 3072.
The distance to a fiducial GW source in a fixed direction is inversely proportional to its amplitude SNR ρ as observed in a PTA. Correspondingly, we may use the amplitude SNR of a fiducial source (assuming we have measured the optimal SNR) as a surrogate for the distance of the source
where d(k, ρ) is the distance to the source when its anticipated SNR is ρ, its propagation direction isk, and ρ 0 is the amplitude SNR of the fiducial source at distance d(k, ρ 0 ).
Timing noise for typical PTA pulsars is typically white on timescales less than 5-10 years and red on longer timescales (Jenet et al. 2006a; Hobbs, Lyne, & Kramer 2006) . The white contribution to the timing noise is characterized by its root mean square (RMS) residual σ j . For our approximate analysis here we ignore the red timing noise contribution and assume, for each PTA pulsar, white timing noise characterized by σ j for pulsar j, and that a single σ j characterizes the entire observation.
With this timing noise approximation the contribution from pulsar j to the PTA power SNR in directionk is
where τ GW (k, t) j is the anticipated GW contribution to the residuals in pulsar j from a GW source propagating in directionk at time t. The anticipated power SNR ρ 2 of the whole array to sources propagating in directionk is the sum over the pulsars
where n p is the number of pulsars. Armed with this equation, we set off to find τ GW (k, t) j .
The timing residuals τ GW associated with TT-gauge GW metric perturbation h + e + + h × e × may be written as
wheren j is a unit vector pointing to pulsar j, L j is the distance to that pulsar, andk is the direction of propagation of the GW. F +/× are given by
wheren T denotes the transpose ofn, and e (+) and e (×) are the two independent gravitational wave polarization basis tensors,
Functions g + and g × are integrals of h + and h × as follows :
Note that we are using geometrized units where c = G = 1. We have essentially broken up τ GW (k) j into terms that depend on geometry (F 's) and terms that depend on time (g's). Following we assume that a function f exists for which
We can then do the integral as follows:
The first term is the so-called 'earth term', and the second the 'pulsar term' (Jenet et al. 2004) . The pulsar term is delayed from the earth term by (1 +k ·n j )L j which amounts to hundreds to thousands of years in most cases. For the moment, assume that we are dealing with burst sources whose length is shorter than our observation time (years) for which we only observe the earth term, and that we can thereby ignore the pulsar term. Later we will show that the result we derive here holds for continuous sources, when the pulsar term must be included, as well.
τ GW (k, t, t) j depends on time, so what we desire is the time averaged SNR, ρ 2 , i.e. the time average of equation 4. We square equation 5 and average over time and all possible polarizations h + and h × . The cross-term F + (k,n j )F × (k,n j ) vanishes when we average over all polarizations. Also by averaging over all polarizations we find g 2 + = g 2 × . Finally, exploiting time translation symmetry we can write
where A 2 is a constant independent of the pulsar line-of-sightn j or the propagation direction of the GWsk.
Combining equations 2, 4, 6, 7 and 13 we have our principal result
= A 2 4 np j=1
The steps between equations 14 and 15 can be done for anyk, but the result in equation 15 can be seen more readily by assuming the GW is traveling in theẑ direction which gives
and assuming an arbitrary pulsar directionn j = [n x , n y , n z ]. The numerator in the sum in equation 14 becomes (after some algebra and trigonometry) (1 − n 2 z ) 2 /4. For an arbitrary GW direction,k, the numerator generalizes to (1 − (k ·n j ) 2 ) 2 /4. In other words, the quantity that matters is the projection of the pulsar direction vector onto the direction of propagation of the GW. 
where ρ 2 R refers to the reference PTA, and, as in equation 1, the n is the resolution of the calculation, i.e. the number of pixels in the map of ρ 2 (k i ). ν overall is what we are calling the 'volume sensitivity' and represents the ratio of the volumes to which two different PTAs are sensitive.
A related quantity which we will utilize later, ν(k), represents the comparison of the sensitivity of two arrays as a function of the GW propagation directionk,
Note that rather than plotting ν(k) as a function of GW propagation directionk we will plotν(ŝ) whereŝ is the direction of the GW source in the sky,ŝ = −k, andν(ŝ) = ν(−k).
The quantity
lends itself to interpretation as the PTA antenna pattern: i.e., it is proportional to the signal power absorbed by the detector from a source propagating in the directionk, measured relative to the source direction for which the greatest power is absorbed. As with ν(k),P 2 (ŝ) = P 2 (−k). Figure  1 shows "source-averaged" antenna patternP 2 (ŝ) for the NANOGrav PTA, whose member pulsars and their RMS timing residuals at the time of writing are provided in Table 1 . We have also made available a web-based tool for computing sensitivity maps for an arbitrary array of pulsars at this URL 5 . As evident from Figure 1 the sensitivity of the NANOGrav PTA is heavily biased to the region between 12 and 24 hours right ascension, yet fairly symmetric about the equatorial plane. Not surprisingly this region represents both the highest concentration of pulsars and also the location of the lowest noise pulsars.
Rather than average over all possible GWs propagating in directionk we can restrict attention to any particularly interesting class of sources. Consider, for example, the radiation from a circular binary consisting of two supermassive black holes. For systems like these the radiation is approximately periodic over any reasonable observational timescale (Jenet et al. 2006b; Sesana & Vecchio 2010b) and
where ω is the GW angular frequency. Even in the best of circumstances pulsar distances are known to no better than 10% (Cordes & Lazio 2002) , in which case the phase ωL j is uncertain by many times 2π for ω of interest. If we average τ GW (k) j over the typical uncertainty in distance we find the contribution owing to the term involving L j , the pulsar term, vanishes and we are left with cos 2 ωt which, averaged over time, tends to 0.5, a constant. As long as the uncertainty in pulsar distance is greater than the light travel time over the duration of the observation these same considerations will hold for any source that a PTA can detect: i.e., averaged over the uncertainty in pulsar distances the pulsar term contribution to τ 2 will vanish and we can again ignore the second term on the right-hand side of equation 12 as we did to obtain the result shown in equations 16. Note that in the case ofk ·n = 1 the earth and the pulsar terms exactly cancel and the sensitivity ρ 2 (k) = 0 as is shown in equation 14.
Addition of Pulsars
Adding a new pulsar to an existing array increases the array's overall sensitivity. Equation 17 shows how the array's sensitivity increases as a function of a new pulsar's sky location and timing residual noise RMS. While we do not have the freedom to choose where we will find the next good millisecond pulsar, we do have the freedom to choose where we will look. With this in mind we consider how the sensitivity of the NANOGrav PTA would be increased by the addition of a single pulsar whose timing residual noise of 200 ns RMS is equal to the current array's median. Figure 2 shows the sensitivity ν overall as calculated using equation 17 as a function of the location of an addition to the NANOGrav PTA of a single pulsar with 200 ns timing noise RMS. As is confirmed by the figure, an additional pulsar will improve the PTA sensitivity regardless of its location on the sky, but the improvement represents less than a 6% increase in sensitivity volume (the volume of space from which we can detect sources) in all cases. However, some pulsar locations will improve it more than others. An additional pulsar in the region in which the PTA is already most sensitive improves the sensitivity volume the greatest. This seems appropriate considering that the volume of sensitivity goes as d 3 . So, if a distance that is already large is doubled, the volume increase will be a larger factor than if a small distance were doubled. However, the volume sensitivity varied by only 6% as we moved the additional pulsar all over the sky, so it may be wisest to search where one is most likely to find pulsars, such as in the galactic plane. One aspect which has not been addressed in this manuscript is the coherence of the GW signal between pulsars, i.e. the fact that pulsars in similar directions in the sky will show higher correlation between their GW signals than those in different parts of the sky (see eq. 12). In addition, in order to confirm that the detected signal is a GW and not, for example, an error in earth's ephemerides, or a terrestrial clock, we will need pulsars in different parts of the sky to confirm that the spatial signature of the detected signal is quadrupolar in nature and not dipolar (ephemerides error) or monopolar (clock error). Further study which includes these considerations is necessary to determine the optimum strategy. Fig. 2. -Shown, the relative sensitivity improvement ν overall (equation 17) of the NANOGrav PTA caused by the addition of a pulsar, as a function of the location of that added pulsar, in equatorial coordinates. Every pixel represents the relative sensitivity improvement caused by an additional pulsar at that location in the sky.
Optimization With Time Constraints
The NANOGrav PTA at the time of writing involves 19 pulsars whose timing residuals range from 54 ns to 2.2 µs. Monitoring each pulsar requires some fraction of the available observing time, which is a valuable resource. How should the available observing time be distributed among the different pulsars to optimize the NANOGrav PTA's sensitivity? To explore this question we divide the NANOGrav PTA pulsars into "low-noise" (timing residual noise less than 200 ns) and"highnoise" (timing residual noise greater than 200 ns) groups, and evaluate the array sensitivity when we increase the fraction of observing time spent on low-noise pulsars at the expense of high-noise pulsars, and vice versa.
For a typical timing array pulsar the RMS timing residual noise, σ, is inversely proportional to the square-root of the time spent observing the pulsar, i.e., σ ∝ t −1/2 (Verbiest 2009 ). The current NANOGrav timing program spends an approximately equal amount of time on each pulsar in the array. We consider two alternatives: spending twice as much observing time on pulsars in the high-noise group as on pulsars in the low-noise group, and the opposite case of twice as much observing time on pulsars in the low-noise group as on pulsars in the high-noise group. This translates to the observing time of one group being multiplied by 4 3 while the observing time of the other group is multiplied by 2 3 . This, as RMS and t are related above, results in an decrease in RMS of the first group by 3/4 and an increase in RMS of the second group by 3/2. (In both cases the time spent observing the single pulsar with timing residual noise of exactly 200 ns is left fixed.) Figure 3 shows the change in volume sensitivity enacted by these adjustments as a function of GW propagation direction,ŝ. What we plot isν(ŝ) where the reference array in the denominator (see equation 18) consists of the NANOGrav pulsars shown in Table 1 . The array used in the numerator is one in which the adjustments described above have been assumed.
As is noticeable from Figure 3 (with two scales required for plot structure), bettering the already good pulsars improves the overall array sensitivity volume by a factor of 1.5 (ν overall = 1.5, see equation 17 for definition of ν overall ), while bettering the bad pulsars has quite the opposite effect actually worsening the current sensitivity volume (ν overall = 0.6). The key to understanding this result is in noting that SNR ρ, residual response τ and RMS σ are related to each other approximately as follows
and τ = τ 0 (d 0 /d) where τ 0 is the amplitude of the residual at earth when the source is at distance
or for a fixed SNR ρ required for detection, the distance out to which we could detect a source, d, is inversely proportional to the RMS σ d ∝ 1/σ.
The argument then is similar to that which we made in §3, that volume sensitivity goes as d 3 so halving an already small RMS σ increases the volume sensitivity by a much larger factor than halving a larger RMS σ. On the left we improve the RMS of the high-noise pulsars and obtain a volume sensitivity, ν overall = 0.6. On the right we improve the RMS of the low-noise pulsars and obtain a volume sensitivity, ν overall = 1.5. Diamonds are the low-noise pulsars, circles are the high-noise pulsars. The median pulsar whose RMS we did not alter is a pentagram. All coordinates are equatorial. Please note the scales of the two diagrams are different to allow the reader to see the structure of the plots.
We can use the same formalism to determine the value of adding more pulsars to the array and can use it to ascertain the value of the International Pulsar Timing Array (IPTA) a collaboration formed of NANOGrav, the PPTA and the the European Pulsar Timing Array (EPTA). In table 1 below the NANOGrav pulsars we have shown the Parkes Pulsar Timing Array pulsars, not including those overlapping with NANOGrav, as published in the status paper by Hobbs et al. (2009) . If solely PSR J0437-4715 is added to the NANOGrav array, the volume sensitivity increases by 7%. If all the PPTA pulsars listed are added to the NANOGrav array, the volume sensitivity increases by 10%. If instead we imagine an improved situation in which the PPTA pulsars listed are added with 200ns RMS, with the exception of PSR J0437-4715 which we add at its actual RMS of 100 ns, the volume sensitivity is increased by 35%, ie 35% more volume of space is sampled for the same GW source type. At the time of writing the European Pulsar Timing Array (EPTA) pulsars for which RMSs are available ) are already included in this list. Their typical RMSs are slightly higher than the values shown here, but there are several reasons to expect that within a year the EPTA RMSs will be markedly reduced and that the pulsars will contribute significantly to this list. First, the Large European Array of Pulsars (LEAP) project which expects first light in late 2010 will create a "tied-array" mode for the 5 European 100-m class dishes into a single instrument, rivaling the sensitivity of Arecibo, but with larger sky coverage. Furthermore, the data reported on by Ferdman et al. (2010) represent new instrumentation at all 5 telescopes, so one can expect significant improvement with characterization and optimization of those instruments.
Discussion and Conclusion
Given the goal to directly detect GWs, the optimization of pulsar timing arrays should be well understood. Figure 2 suggests that for the sake of GW detection we may not need to "fill in" regions of the sky currently devoid of PTA pulsars, but that rather a clustering of good pulsars in one region yields the gratest number of detectable GW sources. The figure shows the sensitivity (volumetric) gain produced by adding a new pulsar to the array as a function of the location of the added pulsar. The current pulsars in the array are clustered around 18h right ascension and 0 declination (as shown by green diamonds on the figure) and in fact the greatest improvement in the volume to which the array is sensitive is produced by adding a new pulsar near that already existing cluster of pulsars, although the range of improvement is modest in all cases (from improving it not at all to improving it by 6%). Here we suggest that if the goal is to maximize the volume of space to which we are sensitive to GW sources the location with highest concentration of pulsars is slightly favored over other locations, but does not make a significant difference. So perhaps efforts to "fill in the gaps" in the spatial arrangements of PTAs are unfounded. However, any new pulsar, regardless of its location, is beneficial to the scientific community. Continuing research is needed on this particular area to optimize pulsar searches for PTA goals.
Our initial findings indicate that the sensitivity to burst and continuous GWs can be significantly improved by observing longer the pulsars for which we already have good timing values. In other words, it is found that the intuitive thing to do, observing longer the pulsars that we do not have good timing values for, significantly decreases our sensitivity to GWs by almost 50% (Figure  3 ). This suggestion taken to an extreme yields the ridiculous result that it is best to spend all observing time on a signal pulsar. The sensitivity plot in this case would be the familiar beam pattern of a single pulsar, but if somehow GWs could be detected with a single pulsar, spending all our time on this one best pulsar, assuming the RMS reduces as the square-root of observing time, would in fact maximize the volume of space to which we are sensitive. We discussed in §3 that this strategy neglects issues with confirming the detection as distinct from clock, ephemerides, and other errors, so more work must be done to optimize observing strategies, but this work clearly indicates that convention may not be the best means to a discovery. In particular, as the PTA is being optimized, what should the observing strategy be? Is the answer different depending on whether our aim is to detect single sources or a stochastic background. Presented here is a crucial first step toward answering these questions.
